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Abstract

We study radial weighted Segal-Bargmann spaces
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and investigate the norms of monomials in these spaces. It is well-known that ”zk” = k1. However, we cannot find in closed
0

2 2
form the norms "zk"l and ”zk ”71. The purpose of this work is to establish an upper bound for ”Zk "1 "Zk "_1 :
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1. Introduction

The Segal-Bargmann space (also called a Fock

space) is the holomorphic function space HL?(C, u)

where ﬂ(z)zle*\z\z. It is a Hilbert space of holomorphic
z

functions on C with inner product given by

(f,g)=lf(:)?z:)u(:}dz.
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See Bargmann (1961), Hall (2000), Le (2017), and Soltani
(2006). The norm of ZX in this space can be calculated using
polar coordinates as follows:

N 12:rx i _
| =I ﬂ(z)a‘:=;jjr2" e drd0=k!.
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Therefore, the set T
k!

this space (Hall, 2000).
We commonly weight the measure by multiplying
with a nonnegative function in weighted Segal-Bargmann

c?

-ﬂ'|

forms an orthonormal basis for
k=0
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space or weighted Fock space. However, there are different varieties of these spaces. For example, the author of Soltani (2006)
defined and investigated a weighted Fock space associated with the perturbed Dunkl operator. The inner product in this space is
given by

<f,g>Q :Iﬁ (:)gﬂ(:)dmf (z)+2(af+1)_“fo(:)gn (:)|z|_2 d’mf+1 (:)
where o> _1/2 f (Z):M f (z)=M and a measure de(z) associated with a function Q. In
1y Te 2 v o 2 24
Bergman (2017) and Escudero, Haimi, and Romero (2021), a weighted Fock space is defined as HLZ(C,6¢(Z)) for some

plurisubharmonic function ¢(z). In (Choe & Nam, 2019), the t-weighted a-Fock space is introduced as a space consisting of all
holomorphic functions f on C" such that the integral

(1+]<l)

where ¢ >0,0< p <o and dv(z) is the volume measure on C". The radial weighted Segal-Bargmann space is the variant

dV(:)<co

that we employ in this paper. For h(Z) = h(|Z|) , this weighted Segal-Bargmann space consists of all holomorphic functions

on C such that

-[|f(-')|2 e"Pdz <.

(See (Baranov, Belov & Borichev, 2018).)

In this paper, we let Iu(z)zle*\z\z and denote the classical Segal-Bargmann space by
V4

2 ~ 1 2 f
H, :-HL‘(C,p)-{f:L—)C"f"i—ij(;)l edxw}
By multiplying a positive function ¢(z) to the measure du(z), we obtain another holomorphic function space HL?(C,
#u). This new space will be referred to as a weighted Segal-Bargmann space. To make use of polar coordinates as we compute
the norm ”zk" , one may assume that the function ¢ is rotation invariant as ¢:¢(|z|)- Since the function
0

,u(z) = le_\zf depends only on |Z| , the space HL?(C, ¢u) is a radial weighted Segal-Bargmann space.
V4

Let ¢1 = e‘z‘ and ¢-1 = e"z‘ . Then we define the spaces Hi and H.1as follows.

H = HLE(C,;ﬁl;J)z{f:fC%C Hf”f =%j‘f{:)zg|:|g |:|:d_- <®},

Hl:—HL:('C,;aﬁj,u}—{f:C —->C

2 _ 1P o HoH e < oo
71 = 17 (o) e et < }
Consider

Lo ri e il bf _=l:"”: 2kl _ars?
E_H-‘ eTe ™ d= ‘T‘H'r“e drd@
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where a=11. Now, the integral jrzk*lear’rzdr no longer is expressible with elementary functions. However, the integral

2 2 . . . . — 2 -
ﬂ:‘ | e“He = is still finite because the term ,u(z) — e " dominates all other terms.

k[

12 l = _al=| el - - . H
Despite the fact that the formula for ||:‘ || :=—I_ | eFeH d- s implicit, the behavior of the growth of ”zk
a T

2 .
n
a

. _ 2 _ _ ) 2
terms of k is remarkably similar to that of "zk" . We shall show in Section 2 that the functions r2*e™" r?*e"™" and
0

—r— 2 -
r?**'e”"" are all concentrated towards the peaks of these functions. As a result, the norms HZkHZ HZI«HZ and "Zk"2 can be
o’ i -1

approximated asymptotically by definite integrals.
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K2 |1k |2
In Chailuek and Senmoh (2020), the authors show that the boundedness of HZ Ha HZ Hﬁ plays an important role in a
K 4
|],

proof of the dual of a generalized Bergman space, H|?2 (Bd ,a)*: HL? (Bd,ﬂ) under the integral pairing

(f.0),= [ 1(2)a(2k, (1-12) oz

Bd

for f eH(B’,a),geH(B",B):

KI[2 |5k 1%
| N 1
Despite the fact that the formulas for "zk"2 and "zk” are implicit, we will show in Section 3 that ” P i T
1 -1 4
2]
0

asymptotically bounded above by a constant.

2. Norms of Monomials in Segal-Bargmann Spaces
In the classical Segal-Bargamann space, the norm of a monomial can be computed explicitly as

||zk||z - iTTrz“le"zdrdH _ QT r2<1g" g = k1 Consider the graph of f, (r) = r®*%e™"" . It resembles a Gaussian-shaped wave
oo 0

function that propagates to the right as K increases. (Figure 1.)
In this section, we will show that the function fk behaves like a Gaussian-shaped wave function in the sense that it is
concentrated towards its peak and likely to have a finite width which is measured from where the function is somehow cut off.

© © 2ry
Consequently, the integral J‘ r2+a=r"dy can be estimated by a definite integral I r2k*1e’r2dr C I 12+ gy for some r,>0.
0 0 0

As previously stated, explicit formulas for szul and ”Zk ” 1are unavailable. However, when we compare the graphs

of fk,_l(r) _ r2k+1e—r—r2

Figure 1. The graphs of f, (r) = 2+ for different k’s.

and f, (r)= r?+1e to that of f, (r)= r?+g™" . We can see that they are similarly concentrated towards their peaks and
have finite widths. (Figure 2.)

Figure 2. The graphs of fkﬁl(r), fkyl(r) and fk(r).
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So, it makes sense to estimate those integrals by definite integrals. Therefore, the goals of this section are to compare
"zk"2 and ”zk”2 with "zk”2 as we obtain
-1 1 0

2

2k41_-r-r* JTAI
”_A_ j_,, o g ”k: j’ '”dr
L0 and L~f
ET R F
z 2kl - Z 2kl
0 Ir e dr i I -
0

o
for some fo, f;, > 0. We begin by generating some relevant identities as follows.

Lemma 2.1 "Zk"z = k! where k is a nonnegative integer.

Proof. We compute "Zk"2 by induction on k. For k = 0,
0

o0 B 1 B N t
J're “dr=—=lime™
21~>oo

2kr2k . ( —jdr

(k 1)+1e—r dr

For k >1, integrating by parts gives

'Trzkﬂ —r? T
0 0
0
Therefore, T2y K!and hence [|2%|° = k1.
[rterar == ], =t

2
Lemma 2.2 For a nonnegative integer nand a,b>0.

oo 2o 5.20) e

Proof. Integration by parts gives

b
I do X nx" e nixe™ nle™|
IXE X=- a a2 T a gt
0 0
n! ~ ab
T oo 1-e abz( )
a = il

N
Lemma 2.3 For . — 2k2+1, l!ime4rﬁzk:(4_r‘)l ) =0
\ = |

i=0
Proof. For i =0,1,2,...,k,we have i+1<4k+2 for all positive integer k.
Thus (4r5)' _ (4)"" and hence
it (i+1)!

K Z)i ot (4r2)k L(ake2) (4k+2)"
Zo: (k+1)—~ T (k+ 1)7“

It’s not difficult to understand that the last quantlty tends to zero.

. 2. . o
Next, we will show that " z¢ " is asymptotically equal to a definite integral as follows.
0

Proposition 2.4 Let k=0,1,2,3,... and p, = ’2k+ be the critical point of f, (r) = r2g="  Then ||:A ”; - 2] e dr
2 o

Proof. From Lemma 2.1, we obtain

Jr2k+1e dr k' (22)
2

Substitute n=k,a=1,and h= 4r02 in the equation (2.1), to obtain
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Zjo 21t 1f esds = 1 e74r0i(4r02)i . (2.3)

0 i=0

From equations (2.2) and (2.3), we obtain

2k+1
ree " dr i
Jf: =1-¢™¢ Zk: (4r)
‘Trzmlefrzdr = !
0
From Lemma 2.3, we obtain
1
K 2
lime ™% (4r° ) =0
k—o i i'
Thus,
2ry
2
J.rz‘“le‘r dr ) (4r2)'
lim -2 =lim{1-e* ) 21 =1
ke J‘r2k+lefrzdr ke i=0 1
0
Therefore, J'rz.(-ne "zdr _ J‘ P r:dr. __;.“; _ 2Jr1;.|1€ -r 2k,
1] [1] [1] 0

Recall that ”zk"2 - ZTFZK*leHZdr and ||Zk||2 - ZTerﬂefrfrzdr .
1 ) B !

Although we can derive the closed form of the integral jrz"” ‘r dr using integration by substitution and induction, there is no
0

2k+1, 2k —r—r? 2k+1

226" The functions r2e ™" or r

—r-r? r-r? s
e orr e behave similarly to

the function f, (r) = 12+ when k is fixed.

elementary function whose derivative is I

. . . . 2 2 2 2
As a result, we focus our attention on the asymptotic approximation of ”zk ”1 /”zk ”o and "zk” /”zk " .
-1 0
Proposition 2.5 Letk=0,1,2,3, ... . Then

2% 2r,
2 2
i ) J'UerJrle—r—r dr || || J' r.2k+:Ler—r dr
" ||_1~ 0 and 1~ 0
||Zk||2 21y ) 7 21y s
0 f r*e="dr ” "o _[ r*edr
0 0
where [, = 2k+1 f, = —1+V16k+9 ang f, _1++16Kk+9 are the critical points of f(r)= er*le*rz, f,(nN= [T’
2 4 4 ‘
and f,,(r)= r2arr* respectively.

Proof. Consider

||Zk||2 I r2k+l —r—r? dr J. r2k+1 —r-r? dr
-1~

2fy

K112 2r,
2 2
"Z "0 J‘rz"“e’r dr J‘rz"”e’r dr
0 0

2
< r2k+1e—r ,

—r—r?

2k+1,
€

Since O<r
«© «© © 20y
J‘ rzmefrferr J‘ rzk+1e—r7dr J.er*le’rzdr I p2Hg T dr

2fy < 2fy 0 0

2ry - 2n 2ry

2 2 2
J‘ rZkJrle—r dr J‘ r2k4rle—r dr J' r2k4rle—r dr
0 0

0
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93
By using integration by substitution and substitutingn =k, a=1, and p= 4r02 into the equation (2.1), we obtain
2 , I L (482)
j e dr:& 1-e*h 27( _0) (2.4)
9 2 i!
From equations (2.2), (2.3) and (2.4), we obtain

i=0

T 2
J‘ r2k+le—r—r dl’
2y

lim

k—o0 21 )
Jp r2k+1e—r dr

0
Therefore,

=0

27
=

2k41 —r-r’
||_}.- H} jr 'e r-r d-“
2n,

10
5P ’
H: I 2kl _-r? 7.
0 r e ds
0
Now, consider

s

27 N
: gl 2k+1 -
-[ r}.(lleﬁ r dl‘ J. ¥ E-’ T d.;,
0
2

.
=]
~

2h+41 -r? 2kl -r?
0 jr'e’d}' Ir'e’a’r

1
[
0 1]

Let r be an element in an interval (2r0,oo). The function e/er is decreasing and e/er —>0as r —oo; on the other hand, the
function (r_1)2"+1/r2k+1 is increasing and (r_1)2k+1/r2k+1 —1 as r—co. Consider r=2r. We see that

2k+1 2k+1
e . [2"0 —1j for all k. Thus, we obtain € _ [ r —1j and hence &+ < (r —1)2k+1
2 — r—
e 2r, e r

Bt
=T

I
=1

e forall r > 2f . Therefore,

T r#ledr < T (r=1*eVar-

2, 2k,

By using integration by substitution and equations (2.1) and (2.2), we have
0 2i
[(r-p* et KKy sy 267, 25)
2k 2 2 i=0 | I

From equations (2.3) and (2.5), we obtain

T (r-1**ear

Kk
Therefore, we obtain ”'_

2
L0
[

5
2kl -r?
o e dr

2 2
|2 12
3. The Boundedness of L =

4
k
||
0

. k|2 k||? Y[ k| k||? .
It is easy to see that HZ H L SHZ Ho SHZ Hl . This implies that the ratio HZ H L HZ Ho may decrease, whilst the

2 2
ratio szul /HZKHO may increase. We shall demonstrate in this section that these two quantities are mutually compensated
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2 2
k k
1 -1

resulting in the boundedness of T. In addition, the upper bound is involved in the peaks of fk, fk,71 and fk,l'

A

Since f,~r, ~ Fand |f6_r0|\~|ro_fo|, it should come as no surprise that the values f, (ro), fe 1(?) and fkl(Fo) are
somehow offset.
Theorem 3.1 Letk=0,1,2,3,... . Then

20 42
1
—_— et

1

|1,
= o

Proof. From the previous section, we have

2, 2,

” j f«llard’j ke rr:dr

o 0 _ ) (2.6)
[I e '!er
o
21y

J‘ r2Hg -r2 dr = J‘e +(2k+1) Inrdr J'ef(r)dr

0

||- [

First, we consider the definite integral

where f(r) =—r? +(2k +1)In r.

The Taylor series expansion of f (r) about a point I =1 is given by

1]
ﬁ’Ms
o

—
5
s [ =

with the interval of convergence (0, 2"0)' Thus,

)2 = ¢n
25 20 £ (1 )+ F (1 )(r—1o )+ M+Zf (ro)(r—ro)"

Ie dr-je = dr-

We have f ‘(ro):o and f "(ro):_4. If we conS|der k — o0, then f"(r) >0 for all m> 3. Therefore,

21y Zr0 I
je Jdr =¢(® J.e’z“ W dr = 'f 24y 27)
hy
where U =r—r.

Next, we consider the definite integral
2k 2f

J’ g J‘e +(2k+2) Inrdr J‘e

where f(r)=r—r’+(2k+1)Inr.
Similarly, we have

J' ¢/ dr ~ '™ I e dr = /%) j e dii (2.8)
0 0 5
where 0 =r—f; and
2% 2% , Ch
J' e ir ~ ' j' e dr=¢'" I e dii (2.9)
0 P

0

o

where f (r)=—r—r?+(2k+1)Inr and 4=r—
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Observe that 1, ~ f ~F, as K —oo. Thus,
J e du ~ I e dii ~ _[ e din.

Therefore,

”: H. H' ” L /(o) (i)-2f(n)

)
~ o

2 (rO):—Zk—l+(2k+1)ln[k+%]

Next, we compute

and

A

F (%

Therefore f(f:))_,.f(fé):zf( ) 2‘1 This yields

S

)+ (, ):%—2k—1+(2k+1)|n(k+%j'

'3-'(2

='I =

1 1 __e.?tfi,}l (R )-2(m)

|1,
= o

[ 1

7 Wl T s asymptotically less than a constant €4 .

=e*.

HZ l
b

We notice that the estimates in (2.7), (2.8) and (2.9) look similar to the integral asymptotic J-f(t)e’;'g(t)dt

a

Finally, we obtain that

2z
29"(c)
the integral is involved in the value at the critical point.

as A —> oo where c represents the critical point of g. Using Taylor’s expansion and Laplace’s method,

~e™f (c)

4. Conclusions
In this paper, we obtained that ——1 is asymptotically less than the constant e*. This implies that

)

”Z ” ” ”4 is bounded and independent of k. Future research could use the boundedness of H “ “ H*1 to describe the dual
Z

[, I,
0

of reciprocal weighted Segal-Bargmann spaces, H,*=H_, under the integral pairing

:—IF ez
where F e H, and SeH
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